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PREFACE. 



The present work contains a more varied assortment of 
methods and examples in factoring than are to be found 
in most high school texts. 

Two methods are given for factoring expressions of the 
forms a? -f ax + b and ax 2 -f- bx -f c ; the first by inspection, 
and the second by the solution of a quadratic equation ; the 
latter is applicable to every case. 

In factoring expressions of the form x* + axhp -f- y 4 , ex- 
amples are given involving radicals, this special case being 
of importance in higher mathematics. 

References made to sections in the author's "Essentials 
of Algebra" give the authority for the statements in 
question. 

As the examples are different from those in the author's 
"Academic Algebra" and "Essentials of Algebra," they 
may be used to supplement the classroom work in those 
texts. 
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FACTORING. 



DEFINITIONS. 



1. To Factor an algebraic expression is to find two or 
more expressions which, when multiplied together, will pro- 
duce the given expression. 

In the present treatise, we consider only the factoring of integral 
expressions. 

2. A Common Factor of two or more expressions is an 
expression which will exactly divide each of them. 

FACTORING. 

3. It is not always possible to factor a rational and inte- 
gral polynomial. 

There are, however, certain expressions which can always 
be factored; these will be considered in the present treatise. 

4. Case I. When the terms of the expression have a com- 
mon factor. 

1. Factor 14 db* - 35 aW. 

Each term contains the monomial factor 7 a6'. 
Dividing the expression by 7 db*, we have 2 6* — 5 a*. 
•Then, 14 a6 4 - 35 a*V = 7 ab\2 V - 5 a 9 ). 

2. Factor (2 m + 3)^4- (2 m -f- 3)^. 

The terms have the common binomial factor 2 m + 3. 
Dividing the expression by 2 m + 3, we have a? + y 8 . 
Then, (2 m + 3)a>* + (2 m + 3)y* = (2 m + 3)(ar* + f). 
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Factoring. 



3. Factor (a — b)m + (b — a)n. 

We have &-a = -(a-6). (^m. § 41.) 

Then, (a — 6)m + (6 — a)n = (a — 6)m — (a — b)n 

= (a — 6) (m — n). 

We may also solve Ex. 8 by changing the first term into the form 
— (6 — a)m. 

Thus, (a - 6)m + (6 - a)n = (6 - d)n - (6 - a)m = (& - a) (n - ro) . 

We may thus have more than one form for the factors of an 
expression. 

4. Factor 5a(a — y) — 3a(« + y). 

5 a (a — y) — 3 a(a> + y) = a [5 (x — y) — 3 (x + y) ] 
= a(5 a — 5 y — 3 x — 3 y) 
= a(2«-8y) 
s=2a(* — 4y). 

EXERCISES It 

Factor the following : 

5. a *-5a*-2a* + 3a*. 8. (a-2)6«-~(a--2)AF. 

6. mV + mV-mn 6 . 9. (3x + B)m + (3x + 5). 

7. 24 afy-40 xty 8 +56 afy. 10. (m-w)a?-(n-m)(y+3). 

11. a(a*-2)+3(2-a*). 

12. (* + y)(m + n) + (aj + y)(m — n). 

13. a(6 + c)-a(6-c). 

14. 33*(a>-l)-(l-s). 

15. (a+m)*--3(a + m). 

16. a?(5y-2z)-(x?(2y + z). 

17. (m-n) 8 + 2m(m-n) 1 . 

18. 4a(a — 6 — c) — 5y(64-c — a). 

19. (a — &)(m 8 + a»)-(a — 6)(m 8 — yz). 

20. (m — n) 4 — 2 m(m — n) 8 + m'(m — n) 2 . 
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Case I — Common Factor. 3 



5. The terms of a polynomial may sometimes be so ar- 
ranged as to show a common polynomial factor; and the 
expression can then be factored as in Case I. 

1. Factor ab — ay + bx — xy. 

By Sec. 4, (db — ay) + (bx — zy)*= a(6 - y) + x(b - y). 
The terms now have the common factor b — y. 
"Whence, ab — ay + bx — xy = (a + x) (b — y). 

2. Factor a 8 + 2 a* - 3 a - 6. 

In this case, it is convenient to enclose the last two terms 
in parentheses preceded by a — sign. 

Thus, a 8 + 2 a 9 - 3 a - 6 = (a 8 + 2 a 9 ) - (3 a + 6) 
= a 2 (a + 2)-3(a + 2) 
= (a*-3)(a + 2). 

EXERCISES II. 
Factor the following : 

3. ac + ad + bc + bd. 5. ma? -h my — na? — ny. 

4. »y — 3s+2y— 6. 6. ab — a — 5b + 5. 

7. 8 a>y + 12 ay +10 to + 15 o&. 

8. m 4 + 6 m 8 — 7 m - 42. 

9. 6-10a + 27a 2 -45a 8 . 

10. 20a&-28ad-5&c + 7a*. 

11. m 8 — m*n + mn 9 — n 8 . 

12. ^-aWcP-aWcP + c'd 8 

13. 63 + 36x 2 + 56aj 8 + 32aj 5 . 

14. 48 ay + 18 tub — 88 my — 33 mn. 

15. ma? + my + na? + wy +paj-f-jpy. 

16. aa> — ay + as — bx + by — te. 

17. 3 am — 6 an + 4 &m — 8 6n + cm — 2 cn. 

18. ax + ay — az — to — 6y + bz + cx + cy — cz. \ 
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Factoring. 



6. If an expression when raised to the nth power, n being 
a positive integer, is equal to another expression, the first 
expression is said to be an nth Boot of the second. 

Thus, if a* = b, a is an nth root of b. 

7. The Radical Sign, -y/, when placed before an expres- 
sion, indicates some root of the expression. 

Thus, Va indicates a second, or square root of a ; 
-\/a indicates a third, or cube root of a ; 
y/a indicates a fourth root of a; and so on. 

The index of a root is the number written over the radical 
sign to indicate what root of the expression is taken. 

If no index is expressed, the index 2 is understood. 

An even root is one whose index is an even number ; an 
odd root is one whose index is an odd number. 

& A rational and integral expression (Ess. Alg., § 108) is 
said to be a perfect square, a perfect cube, or, in general, a 
perfect nth power, when it has, respectively, a rational and 
integral square, cube, or nth root. 

9. Since (2 a%) 8 = 8 cfl>*, a cube root of 8 <#b* is 2 a*b. 

Again, since (m 2 ) 4 = m 8 , a fourth root of m 8 is m*. 

We also have (— m 2 ) 4 = m 8 ; so that another fourth root 
of m 8 is — m*. 

It is evident from this that every positive term which is 
a perfect nth power, has & positive nth root ; and in addition, 
if n is even, a negative nth root of the same absolute value. 

We shall call the positive nth root the principal nth root. 

It will be understood throughout the remainder of the work, unless 
the oontrary is specified, that when we speak of the nth root of a term, 
we mean the principal nth root. 




»th Root. 
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10. Any Root of a Power. 

Eequired the value of where m and n are any 

positive integers. 
We have (a m ) n = a wm . 

Then by Sec. 6, VaT* = a m . 

11. -4ny .Roof of a Product. 

Let n be a positive integer, and a, 6, c, numbers which 
are perfect nth powers. 

By Sec. 6, (Vabc ...) w = a5c-... 

Also, (V^x V&x \^ x ...)" = (\/S)*x (\/6)*x (\^)*x - 

= afa by Sec. 6. 

Then, \/a&c ••• = Va x X Vc x — ; 

for each of these expressions is the nth root of dbc ••• ; and 
we assume as an axiom that, if two perfect nth powers are 
equal, their principal nth roots are equal. 

12. Any Boot of a Monomial. 

From Sees. 9, 10, and 11 we have the following rule for 
finding the principal root of a rational, integral, and positive 
monomial, which is a perfect power of the same degree as 
the index of the required root : 

Extract the required root of the numerical coefficient, if 
any, and divide the exponent of each letter by the index of 
the required root. 

Ex. Eequired the fifth root of 32 a 1 W. 

By the rule, ^32 a 1 W* = 2a'b<*. 

13. A rational and integral trinomial is a perfect square 
when its first and last terms are perfect squares, and positive, 
and its second term plus or minus twice the product of their 
square roots (Ess. Alg. f §§ 78, 79). 

Thus, 4x* + 12xy* + 9y t is a perfect square. 
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6 Factoring. 

To find the square root of a perfect trinomial square, we 
have the following rule : 

Extract the square roots (Sec. 12) of the first and third terms, 
and connect the results by the sign of the second term. 

1. Find the square root of 4a£ -f 12 + 9 y 4 . 
By the rule, V*x 2 + 12xy t + 9y i = 2x + 3y*. 
The expression may also be written in the form 

(-2*)a + 2(-2*)(-3y) + (-3y)a; 

which shows that (- 2x) + (— 8y), or -2x~3y, is also a square 
root. 

But the first form is simpler, and will be used in the examples of 
the present treatise. 

2. Find the square root of m 2 — 2 mn + n*. 
By the rule, Vm 2 — 2 inn -f- n 2 = m — w. 

We may write the expression in the form n a — 2 mn + m* ; in which 
case, by the rule, the square root is n — m. 

In the present treatise, when finding the square roots of expressions 
of the form m 2 — 2 mn + n 8 , we shall always take the square root of the 
first term as given, minus the square root of the third term as given. 

14. Case II. When the expression is a trinomial perfect 
square. 

1. Factor25a 2 + 40a6 8 + 166 6 . 

By Sec. 13, the square root of the expression is 6 a + 4 V. 
Then, 25 a 2 + 40 a6* + 16 V = (5 a + 4 V) 2 . 

2. Factor x*-2x(y -z)+ (y-z)*. 

= (»-y + ») 2 . 

3. Factor — m 4 + 4 mV — 4 w 4 . 

— m 4 + 4 m V — 4n 4 = -(m 4 -4mV + 4n*) 
= -(m , -2w 2 ) 8 . 
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Case II — Trinomial Perfect Square. 7 



EXERCISES III. 



Factor the following: 

4. x* + 8x + 16. 

5. 9 -6a -fa 2 . 



8. afy 2 + 14a&y + 49. 

9. 36 a 2 -132a& + 121 V. 



6. m 2 + 10mn + 25n 2 . 10. — 16a 2 + 24aa - 9a* 

7. 4a 6 -4a 8 &c 2 + 6V. 11. 81m 2 + 144mn + 64n 2 . 

12. -25^-600^-362^. 

13. 64aV-240a6ajy + 2256y. 

14. 49m 6 + 168mV + 144oj 8 . 

15. lOOaW + 180a5c 2 + 81<J*. 

16. 144 *y- 312 sV + 169 2 s . 

17. - 121 a*m 2 + 220 a*b*mn - 100 6 V. 

18. 169aW + 364a 4 6c 2 d 8 + 196c 4 (2 e . 

19. (s + y) 2 + 22(aj + 30 + 121. 

20. a 2 -8a(m-n) + 16(m-n) 2 

21. 9a?-6z(y + z) + (y + zy. 

22. (m — w) 2 — 2(m — n)n + n 2 . 

23. 25(a+6) 2 + 40(a + &)c + 16c 2 . 

24. 36(a - xy - 84(a - x)y + 49 f. 

25. 49 m 2 + 42m(m + a?) + 9(m + aj) 2 . 

26. (a + &) 2 + 4(a + &)(a-6) + 4(a-&) 2 . 

27. 9(a? + y) 3 -12(a5 + y)(a?-y) + 4(aj-y) 2 . 

15. Case III. When the expression is in the form 

a 2 + 6 2 + c 2 + 2a& + 2ac + 2bc. 

This expression is the square of a + b + c (2£m. § 187). 

1. Factor 9aj 2 + y 2 + 4« 2 — 6ajy + 12a» — 4y2;. 

We must show that this expression is in the form of the 
square of a trinomial (Ess. Alg , § 187), and find its square 
root. 
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Factoring. 



Now 9 7? is the square of 3x- 9 and hence the first term of 
the trinomial is 3 a?. 

We next consider the terms involving the first power of x. 

— 6xy can be written in the form 2(3 a?)(— V)f 12 zz 
can be written in the form 2(3 x)(2 z). 

This suggests that the second term of the trinomial is 
— y 9 and the third term 2 z ; and since the second, third, 
and last terms of the given expression are in accordance 
with this, the expression is a perfect square, and its square 
root is 3 x — y + 2 z. Then, 

9a? + y* + U-6xy + 12 xz-±yz = (3x-y + 2z)*. 

The square root of the expression is also — 8 x + y — 2 « ; as may be 
seen by writing it in the form 

(- 3*) 2 + y 2 + (- 2 *) 2 + 2(- 3x)y + 2(- 3 »)(- 2 *)+ 2 y(- 2 *). 

EXERCISES IV. 

Factor the following : 

2. a 2 + & a + c*-2a&--2ac + 2&c. 

3. a 2 + 4y 2 + 9 + 4a# + 6a;+12y. 

4. l-f25m 2 + 36n 2 -10m + 12n-60mn. 

5. a 2 + 81 6 2 + 16 + 18 ab - 8 a - 72 6. 

6. y 2 -f-25« 2 -6a?y-30aw + 10y«. 

7. 36m 2 +64n 2 + ^ + 96mn-127na-16na>. 

8. 16a 4 + 9& 4 + 81(J* + 24a 2 & 2 + 72 aV + 54 &V. 

9. 26a^+49y M + 36^-70aY + 60afe*-84y 5 2 4 . 

16. Case IV. TPften t&e expression is the difference of tioo 
perfect squares. 
We have a* - V = (a + 6) (a - &). (JEss. § 80.) 
Then, to obtain the factors we have the following rule : 

Extract the square roots of the first square and of the second 
square; add the results for one factor and subtract the second 
result from the first for the other. 
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Case IV — Difference of Two Perfect Squares. 9 



1. Factor 36 a*b* - 49 <?. 

By the rule, 36 a*b* - 49 <? = (6 a& 2 + 7 c 8 ) (6 aV - 7 c 2 ). 

2. Factor (2a?- 3 y) 2 - y) 2 . 
By the rule, (2x - 3 y) 2 -(a>- y) 2 

= [(2 x - 3 y)+(a> - »)] [(2 x - 3 - y)] 
= (2a-3y + a?-y)(2aj-3y-aj + y) 
= (3a?-4y)(a?-2y). 

A polynomial of more than two terms may sometimes be 
expressed as the difference of two squares, and factored by 
the rule of Case IV. 

3. Factor 2mn + m , -l + n l . 

The first, second, and last terms may be grouped together 
in the order m? + 2 mn + n 2 ; which expression, by Sec. 13, 
is the square of m + n. 

Thus, 

2mn + m , -l + n > = (m l + 2mn + n 2 )— 1 



4. Factor 12^ + ^-9^-4. 

12 y + of - 9 y 2 - 4 = a 2 - 9 f + 12 y - 4 



-rf-(9»>-12» + 4) 
= aj 2 -(3y-2) 2 ,by Sec. 13, 
= [* + (3y-2)][s-(3y-2)] 
= (a + 3y-2)(a?-3y + 2). 

EXERCISES V. 



= (m + w) 2 - 1 

= (m + n + l)(m + n — 1). 



Factor the following : 

5. ^-9. 

6. 16 -a 2 . 

7. 81m«-25n f . 

8. 64-121aW. 



9. 169aW-4006y. 

10. 196mV 2 -289ny\ 

11. 361 aW - 225. 

12. 625 a a m M - 324 & 14 n 16 .. 
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Factoring. 



13. (a-ty'-c 9 . 

14. (5x + yy-&. 

15. a 2 -(m + n) 2 . 



16. 36m 2 -(2m-3) 2 . 

17. (a;-y) , -(m + w) 2 . 

18. (4a + s) a -(& + 3y)*. 



19. 4(a-6) 2 -(c-d) 2 

20. (2m + n) , -(m + 2n) 1 . 

21. (6a + s) 2 -(a-8a;) 2 

22. 16(2w + 7s) s -49(3n-4y) f . 

23. (9a?-5y) 2 -(6aj + 7y) 8 . 

24. 25(8a-36) 2 -9(4a + 5&) 2 . 

25. x > -2ajy + y 2 -9. 

26. tf + P-<? + 2a6. 

27. 4m J + n , ~]) , -4 mw. 

28. x*-y*-2yz-z'. 

29. 4-a 2 + 2a&-& 2 . 

30. 16 m* — n 9 — 9jf — 6np. 

31. m 2 — 2mw + n 2 — a£ + 2iry — y 2 . 

32. a 2 + 2a& + & 2 -c 2 -2cd-d» 

33. tf-fa 2 - V-y* + 2ax-2by. 

34. aj 2 -y 2 + m 2 -l-2maj-2y. 

35. 16a 2 -8a5 + 6 2 -c 2 -10cd-25d 2 . 

36. 283y-36s 2 + 49y 2 + 60js-25 + 4x 2 . 

17. Case V. When the expression is in the form 



Certain trinomials of the above form may be factored by 
expressing them as the difference of two perfect squares, 
and then employing Sec. 16. 

1. Factor a 4 + aV + b*. 

By Sec. 13, a trinomial is a perfect square if its first and 
last terms are perfect squares, and positive, and its second 
term plus or minus twice the product of their square roots. 



X* + axY + y 4 . 
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The given expression may be made a perfect square by 
adding 0*6* to its second term ; and this can be done pro- 
Tided we subtract a'b* from the result. 

Thus, 

a* + aV + b* = (a 4 + 2 oV + ft 4 ) - a*b* 

= (a* + by - a«6», by Sec. 13, 
= (o» + b* + ao)(a s + b* - ab), by Sec. 16, 
= (a* + ab + ^(o* -db + b*). 
2. Factor 9 as 4 -37 a* + 4. 

The expression will be a perfect square if its second term 
is -12 a* 
Thus, 

9 x* - 37 x* + 4 = (9 x* - 12 x* + 4) - 25 a? 
= (3^e , -2) , -(5ai) , 
= (3 a* - 2 + 5x)(3x* - 2 - 5*) 
= (30? + 6* - 2)(3x* - 5x - 2). 
The expression may also be factored as follows : 

9x* - 37 x* + 4 = (9 a* + 12a* + 4) - 49 a* 
= (3 x* + 2)* -(7 as)* 
= (3 a* + 7 a; + 2) (3 a* - 7 * + 2). 

EXERCISES VI. 

Factor the following : 

3. x i + 5x t + 9. 7. 9aJ 4 + 6aV + 49y 4 . 

4. a* - 21 a'b* + 36 b*. 8. 16 a 4 - 81 0* + 16. 

5. 4-33a* + 4a! 4 . 9. 64 - 64 ro* + 25 m 4 . 

6. 25m 4 -"-14mW + n 4 . 10. 49 o 4 - 127 + 81 x*. 

Factor each of the following in two different ways (com- 
pare Ex. 2): 

11. a; 4 -17 as* + 16. 13. 16m 4 -104mV+25a*. 

12. 9 -148 a* + 64 o 4 . 14. 36 a 4 -97 «»*»»+ 36 m 4 
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12 Factoring. 

1& There are many expressions of the form a^+aasy+y 4 
which require radicals for their factoring. 

Some of the most important applications of the method 
in the Integral Calculus, are examples of this nature. 

The present section should not be taken up until the 
pupil is familiar with radicals. (See Ess. AIg. t § 287.) 

1. Factor a^-Sa^ + l. 

x 4 - 5 a? + 1 = (a 4 - 2 x* + 1) - 3 x* 

= (a* + x V3 - l)(x* - x V3 - 1). 

The expression may also be factored as follows.* 
aj* - 5«* + 1 =(«* + 2«« + 1)- 7 a* 
= (a* + l)*-(»>/7)* 
= (z» + xV7 + l)(a* - xvf + 1). 

Certain expressions of the form x 4 + ^* may be factored 
by the above method. 

2. Factor x* + 1. 

^ + l=(«* + 2aj l + l)-2aj l 
= (^ + l) J -(*V2)* 
= (a* + a?V2 + - ars/2 + 1). 



EXERCISES VII. 
Factor the following: 

3. tf* + 7a? + 4. 

4. a 4 + 6 4 . 

5. 9m 4 -llm' + l. 

6. 4a 4 + 6a* + 9. 

7. 36**- 92 a 1 + 49. 

8. 25m 4 + 28mW + 16n 4 . 
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19. Case VI. When the expression is in the form 



We have -f- (m + n)x + mn=z(x + m)(x + n), as may be 
verified by multiplying x + m by x + n. 

If then a trinomial is in the form as 2 + ax + 6, and a and & 
are, respectively, the sum and product of two numbers, the 
factors are x plus one number, and x plus the other. 

The numbers may be found by inspection. 

1. Factor a? + 14 x + 45. 

We find two numbers whose sum is 14, and product 45. 
By inspection, we determine that these numbers are 9 and 5. 
Then, a? + Ux + 45 = (x + 9)(x + 5). 

2. Factor 7? — 5 x + 4. 

We find two numbers whose sum is — 5, and product 4. 
Since the sum is negative, and the product positive, the 
numbers must both be negative. 
By inspection, we determine that the numbers are —4 



3. Factor a? + 6x-16. 

We find two numbers whose sum is 6, and product — 16. 

Since the sum is positive, and the product negative, the 
numbers must be of opposite sign, and the positive number 
must have the greater absolute value. 

By inspection, we determine that the numbers are + 8 
and -2. Then, a? + 6x-16 = (a + 8)(a - 2). 

4. Factor a* - aba? - 42 a?V. 

We find two numbers whose sum is — 1, and product — 42. 

The numbers must be of opposite sign, and the negative 
number must have the greater absolute value. 

By inspection, we determine that the numbers are — 7 
and +6. 

Then, ^-a6« 8 -42a 2 6 , = (a* - 7 a&)(a?* + 6 a&). 



a? + ax + b. 



and — 1. 
Then, 



a? _ 5 a; + 4 = (a - 4) (» - 1) . 




Factoring. 



5. Factor l + 2a-99a*. 

We find two numbers whose sum is 2, and product — 99. 
By inspection, we determine that the numbers are + 11 
and -9. 

Then, 1 + 2 a - 99 a 2 == (1 + 11 a)(l - 9a). 

If the as* term is negative, the entire expression should be 
enclosed in parentheses preceded by a — sign. 

6. Factor 24 + 5a- a* 

We have, 24 + 5a>-« 2 = — (a 1 -5a — 24) 



In case the numbers are large, we may proceed as follows ; 
Required the numbers whose sum is — 26, and product — 182. 
One number must be +, and the other — . 

Taking in order, beginning with the factors -f 1 x — 102, all possible 
pairs of factors of — 192, one of which is + and the other — , we have : 



+ 1 x - 192, 
+ 2x- 96, 
+ 3 x - 64, 
+ 4x- 48, 
+ 6x- 82. 



Since the sum of +6 and —82 is —26, they are the numbers 



= _ ( x _ S)(x + 3) 
= (8-a?)(3 + aj). 



required. 



EXERCISES VIII. 



Factor the following : 



7. a? + 4x + 3. 

8. a?-7x + 10. 

9. a* + 7a-18. 

10. m 2 -14m-15. 

11. ^-16^ + 55. 

12. a? + 16x + 39. 

13. 28 + 3C-C 1 . 



14. 77_4n-n f . 

15. a 2 -14a + 48. 

16. B* + 20a5 + 51. 

17. b*-12oj-45. 

18. n» + 14n-32. 

19. b , -17s + 62. 
90. 84 + 5*-*'. 
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21. o s +18 a + 56. 44. (x-y)*-15(x-y)-16. 

22. j^+16 y -57. 45. (m-n) 1 +21(m-n)-130. 

23. as«-10a!-75. 46. (a+a;)»-28(a+a;)+192. 

24. m* + 19m + 90. 47. a*+6oa;+6i^. 
26. 95-14n-n* 48. tf-lxy-Zy*. 

26. as , -20a!+96. 49. l + 6o-14o« 

27. o»+21a + 98. 50. m*-17mn + 66n s . 

28. x*-7x-7&. 51. a» + 12ad+27o* 

29. c*-21c + 104 52. « , -14ma!+40m s . 

30. 105 - 8m-m* 53. l-Vx-Ma?. 

31. as*-23;e + 76. 54. m^ + Smn-Un*. 

32. a» + o-110. 55. x*+12xy + 20y*. 

33. 7i*-16n-80. 56. o*W - 17 dbc +&)<?. 

34. a» + 18a s + 65. 57. l-13n-68n*. 

35. x*+llx*-12. 58. a« + 12 cue - 86 «». 

36. <* , -19c» + 88. 59. 1 + 17 mn + 70 m»n s . 

37. aV- 13 a*/" -30. 60. as , -17afy2* + 72yV. 

38. a% 4 - 23 ad' + 112. 61. o , +6a6-916». 

39. »*a! , + 26«a! + 164. 62. l-3sy-108iey. 

40. W+lStf-y*. 63. o* - 32 obe + 112 W. 

41. tf^ + 9aV-162. 64. A 4 +7 ^-170 2". 

42. m M - 23m 5 +120. 65. x i -(2m+3n)x + 6mn. 

43. (o+6)*+14(o+6)+24. 66. as«-(a-6)*-a&. 

20. Cask VII. When the expression is in the form 
ax* + bx + c 

If a is a perfect square and b divisible by Va, we may 
factor the expression directly by the method of Sec. 19. 

1. Factor 9*»-18:e + 5. 

We have, 9as«-18a> + 5 = (3as) s -6(3x) + 6. 
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We find two numbers whose sum is — 6, and product 5. 
The numbers are — 5 and — 1. 
Then, 9 a*- 18 a? + 5 = (3a?-5)(3a>-l). 
If b is not divisible by Va, or if a is not a perfect square, 
we multiply and divide the expression by a. 

2. Factor 6a* + 5a;-4. 

Multiplying and dividing the expression by 6, we have 

q^ iBz ^ 36^ + 30^24 ^ (6^ + 5(6^-24 

6 6 
The numbers are 8 and — 3. 

Then, 6a> + 5z-4 = ( 6 * + *)( 6 *- S ). 

2x3 

Dividing the first factor by 2, and the second by 3, we have 

6o^+6a;-.4=s(3aj + 4)(2a?~l). 

In certain cases, the coefficient of as 2 may be made a per- 
fect square by multiplying by a number less than itself. 

3. Factor 8^ + 26^ + 15^. 
Multiplying and dividing by 2, we have 

8*- + 26 *+u?-***±*J*±*£ 

2 

_ (4a ! )» + 13y(4 a; )+30^ 
2 

_ (4s + 10y)(4a? + 3y) 
2 

= (2a; + 6y)(4a; + 3y). 

4. Factor 2 + 5a>- 3a?. 

2 + 5a>-3as , = -(3as , -5a;-2) 
_ (3tc)»-5(3a;)-6 
-3 

_ (3s-6)(3a; + l) 
-3 

= (2-as)(l + 3*). 
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EXERCISES IX. 



Factor the following : 






5. 


2a> a + 9a; + 9. 


17. 


12 + 11 * + 2. 


6. 


3 a*- 11 x -20. 


18. 


20 aW — 23 aa? + 6. 


7. 


4a> a -28 a + 45. 


19. 


36 a? 2 + 12 a? — 35. 


8. 


6 q? + x - 2. 


20. 


6 — a — 15 oj 2 . 


9. 


Sx'-sex+se. 


21. 


5 + 9 a? — 18 a?. 


10. 


lQx* + mx + 3S. 


22. 


72 + 7 a? — 49 a*. 


11. 


8 n s + 18 n — 5. 


23. 


24 se 2 — 17 na? + 3 n\ 


12. 


7 + 3x-4a> 2 . 


OA. 


ar — x — 4. 


13. 


32-12 a>-9aA 


25. 


21^ + 23 3^+6^. 


14. 


6a> a + 7aa; + 2a , . 


26. 


18 ar , -27 o6a?-35aV. 


15. 


25 a*-25 


27. 


5-26a 2 -24a 4 . 


16. 


10aJ 8 -39a> + 14. 


28. 


7( a _&)*_ 30( a -6) + 8. 



29. 12(» + y)» + 5(* + y)+7. 

30. 14(m — n) 2 + 39a(m — n) + 10a 2 . 

31. oca? 8 - (ad + bc)x + bd. 



ZL It is not possible to factor every expression of the 
form x 9 + ax + 6 by the method of Sec. 19. 

Thus, let it be required to factor x* + 18 x + 35. 

We have to find two numbers whose sum is 18, and prod- 
uct 35. 

The only pairs of positive integral factors of 35 are 7 and 
5, and 35 and 1 5 and in neither case is the sum 18. 

22. We will now give a general method for factoring any 
expression of the form aa? + bx + c. 

This method requires a knowledge of quadratic Equa- 
tions ; and the present section, and the next, should not be 
taken up until the pupil is familiar with quadratics. (See 
Ess. Alg., § 284.) 

Wehave, aa > + 6a? + c = a^ + ~ + ^Y (1) 
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Now let r x and r, denote the roots of the equation 

a a 

Then the equation can be written in the form 

(x -r r a ) (x - r 2 ) = 0. (Ess. Jig., § 283.) 

Hence, the expression x* H h - can be written 

a a 

(»-r 1 )(aj~r s ). 

Substituting in (1), we have 

aa? + bx + c = a(os — r^)(x — r s ). 

But r x and r a are the roots of the equation 1- - = 0, 

a a 

or ckb 2 + bx + c = ; which, we observe, may be obtained by 
placing the given expression equal to zero. 
We then have the following rule : 

Place the given expression equal to zero, and solve the equa- 
tion thus formed. 

Then, the required factors are the coefficient of a? in the 
given expression, x minus the first root, and x minus the second 
root. 

1. Factor 6a 2 + 7a -3. 

Solving the equation 6a? + 7a; — 3 = (Ess. Jig., §265), 
we have 

-7±V49 + 72 - 7 ±11 1 _ 3 

x ~ ■ =s in i !■ — — or — — • 

12 12 3 2 

Then by the rule, 6x s + 7x-3 = 6(x — \)(x + $) 

= 3(x-i) x (2)(* + t) 
= (3a>-l)(2as + 3). 

2. Factor 4 + 13 x- 12 x*. 

Solving the equation 4 + 13 * — 12 x* = 0, we have 

- 13 ± V169 + 192 _ - 13 ± 19 1 4 

-24 - 24 4 3 
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Then, 4 + 13a5-12a? = -12(a5 + £)(a;-f) 

= 4(*+i)x(-3)(s-t) 
= (l + 4»)(4-3a;). 

8. Factor 2a? — 3a# — 2y* — 7a> + 4y + 6. 
Placing the expression equal to zero, we have 
2a? — 3xy-2tf — 7x + 4y + 6 = 0; 

or, 2a? -(3y + 7)a> = 2^-4^-6. 

Solving this, 

3y + 7±V(3y + 7) 8 + 16y 8 -32y-48 

4 

_ 3y + 7±V25y» + 10y + l = 3y + 7±(5y + l) 
4 4 

= 8l±8 or " 8 y + 6 ,2y + a or ~« + S . 
4 4*2 

Then, 2a?— 3xy — 2y* — 7a; + 4y + 6 

= 2[a ? -(2y + 2)]^-^tJJ 
= (a>-2y-2)(2a; + y-3). 

EXERCISES X. 

Factor the following : 

4. a? + 14 a? + 33. 6. a?-*- 42. 

5. a?-13a? + 40. 7. 9-8a;-a?. 

The student should now work the examples of Sec. 20 by 
the method of Sec. 22. 

Factor the following : 

8. a?-a#-6y 8 -6aj + 13y + 5. 

9. a? — 3a^-4^ + 6a5-4y + 8. 
10, a?-6a^ + 5^-2aj-2y-3. 
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11. 2a* + 6db + 2V + 7a + 5b+3. 

12. Stf + lxy-Stf-lOocz-Syz + Zf. 

13. 2-7y-7aj + 33f + 3y-4B*. 

23. In factoring an expression of the form aa? + bx + c, 
where a is a perfect square, if the method of § 20 can be 
used, it is usually the shortest. 

Another way of factoring an expression of this form is to 
express it as the difference of two squares, and then apply 
Sec. 16. 

This method is shorter than that of Sec. 22. 

As all the examples in the present section involve radicals, the pupil 
should reserve it until he has studied that subject. 

1. Factor a? + 2x -11. 

The expression a? + 2x will become a perfect square by 
adding to it the square of 1. (Ess. Jig., § 260.) 

Then, b* + 2a; -11 =3* + 2a? + 1-1- 11 
= (a; + l) s -12 
= (x+1 + VI2) (x+1 - VIS), 

by Sec. 16, 
mm (x + 1 + 2 V3) (x + 1 - 2 V3) . 

If the a? term is negative, the entire expression should be 
enclosed in parentheses preceded by a — sign. 

2. Factor 4 + 12a> — 9o* 

We have, 4 + 12aj-9s a = -(9aj 8 -12a>-4). 

The expression 9«* — 12 a; will become a perfect square 

12 

by adding to it the square of , or 2. 

2V9 

Then, 4 + 12a;-9a* = -(9a*-12a; + 4-4-4) 
= -[(3*-2)»-8] 
=(3aj-2+V8)x(-l)(3s-2-V8) 
c =(2V2-2 + 3»)(2V2 + 2-3aj). 
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EXERCISES XI. 



Factor the following : 
3. B*-2aj-l. 



6. 2 -24 s -9 a* 



4. 4a 2 + 20a> + 19. 

5. 16^-162? + !. 



7. 36a 2 + 72 a? + 29. 

8. 11 + 10a?-- 25s 2 . 



24. Case VIII. TPfen the expression is the cube of a 
binomial. 

1. Factor 8a 8 -36a 2 & 2 + 54a& 4 -276 6 . 

We must show that the expression is in the form of the 
cube of a binomial (see Ess. Alg., § 188), and find its cube root. 
We can write the expression as follows : 

(2 a) 8 - 3 (2 a) 2 (3 &*) + 3 (2 a) (3 V)* - (3 V)*. 

This shows that it is a perfect cube, and that its cube 
root is 2a -3& 2 . 

Then, 8a 8 -36a 2 6 s + 54a6 4 -276 6 =:(2a-3y)« 

EXERCISES XII. 

Factor the following: 



2. X s 4- 3a 2 + 3a? + 1. 

3. 8-12a + 6a 2 -a 8 

4. l + 9m + 27m 2 + 27w 8 . 

5. 64n 8 -48n 2 + 12n-l. 

6. 8a 8 + 36a 2 6 + 54a& 2 + 27& 8 

7. 125 a 8 - 75^ + 15^-^. 

8. a e + 18a 4 y + 108a 2 6 e + 2166 2 . 

9. 125m 8 - 150 ttAi + eOmr^-Sn 8 . 

10. 27 a*b* - 108 a^cH- 14AaJtx? -64c 8 . 

11. m 6 + 21mV + 147mW + 343* u . 
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25. Case IX. When the expression is the difference of two 
perfect cubes. 

The sum or difference of two perfect cubes is divisible by 
the sum or difference, respectively; of their cube roots. 

(Ess. Alg., § 85.) 

In either case, the quotient may be obtained by aid of the 
rules given in Ess. Alg., § 85. 

1. Factor a^-27yV. 

By Sec. 12, the cube root of a 8 is a 2 , and of 27^ is 3y%. 

Then one factor is a? 2 — 3 ifz. 

Dividing of — 27 #V by a 2 — 3 the quotient is 

tf 4 + 3 xfz + 9 ^2* (Ess. Alg., § 85.) 
Then, a?-27ifz? = (a?-3fo)(a? + 3affi + 9tf*). 

2. Factor a 8 + b*. 
One factor is a 2 + b*. 

Dividing a 8 + b* by a 2 + b 2 , the quotient is a 4 — aV + 6\ 
Then, a 8 + 6* = (a 2 + tf^a 4 - cW + V). 

3. Factor (a + a) s — (a — a) s . 
(a + a) 8 -(a-a) 8 

« [(a+a)~(aj-a)] [(aj+a) , +(»4-a)(aj-a)+(»-a) 2 ] 
= (x+a—x+a)(a? +2ax+a 2 +tf— a 2 +aj 2 — 2aa+a 2 ) 
= 2a(3a 2 + a 2 ). 

EXERCISES XIII. 

Factor the following : 

4. m 8 + n 8 . 7. l-27n 8 . 10. 64m 8 -w 8 

5. l-aty*. 8. a 8 + l. 11. a 8 5 8 + 216c 8 . 

6. 8a 8 + l. 9. a? + tf*. 12. 8w 8 + 27» 8 . 

13. 27a 8 -125y 2 . 15. 343a 8 -64m 8 . 

14. 64 + 125 a 1 * 8 . 16. 125 a 8 + 512 y 8 * 8 
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17. 216a 8 m 6 -343n 9 . 20. m 8 -(m + n) 8 . 

18. 729 a% 8 - 8 (ft* 8 . 21. 27 (a- b)* + 8b*. 

19. (« + i) $ + («-y) 8 . 22. (2a + 0) 8 -(a + 2s) 8 . 

23. (5a>-2y) 8 -(3a;-4y) 8 

26. Case X. When the expression is the sum or difference 
of two equal odd powers of two numbers. 

The sum or difference of two equal odd powers of two 
numbers is divisible by the sum or difference, respectively, 
of the numbers. (Ess. Alg., § 87.) The quotient may be 
obtained by aid of the laws given in Ess. Alg., § 86. 

1. Factor a* + 32b 5 . 

We have, 326 5 = (2&) 8 . 

Then, one factor is a + 2 b. (Ess. Alg., § 87.) 
Dividing a 6 + 32 V by a + 2 b, the quotient is 
a 4 - a 8 (2 b) + a 2 (2 6) 2 - a(2 6) 8 4- (2 b)\ (Ess. Alg., § 86.) 
Then, a 8 + 32 6 5 =(a + 2 6)(a 4 - 2 a 8 6 + 4 a 5 * 2 - 8 a& 3 + 16 6 4 ). 

EXERCISES XIV. 

Factor the following : 

2. a? + y>. 6. l + » 7 . 10. 32 a 5 -5 6 . 

3. a*-l. 7. m 9 + n>. 11. 243^+^. 

4. 1-mW. 8. a 9 -l. 12. m 14 + 128n 7 . 

5. a 7 -5 7 . 9. n 8 + 32, 13. 32 aW- 243 c 10 . 

27. By application of the rules already given, an expres- 
sion may often be resolved into more than two factors. 

If the terms of the expression have a common faotor, the 
method of Sec. 4 should be applied first. 

1. Factor 2 aaPy* — 8 aocy*. 
By Sec. 4, 2 oafy 2 - 8 axy* 

= 2a^(<r 2 -4y 2 ) 

= 2axyX* + 2y)(z-2y),by Sea 16. 
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2. Factor o«- 6*. 

By Sec. 16, a« - b* = (a? + 6»)(a s - 6 s ). 
Whence, by Sec. 25, 

a« - 6* = (a + 6)(a s - a6 + 6*)(a - 6)(a* + 06 + 6*). 

3. Factor 3?— y*. 

By Sec. 16, * - y 8 = (a* + y«)(a!» - y*) 

= (** + + tf)(<e'.+ y)(x - y). 

4. Factor 3(m + »)» - 2(m* - n*). 

3(m + «)* - 2(m* - n*) = 3(m + n)» - 2(m + n)(m- n) 
= (m + n) [3(m + n) — 2(m — «)] 
= (m+n)(3m + 3n-2m + 2n) 
= (m + m)(to + 5 n). 

5. Factor o(a-l)- 6(6-1). 
a(a- 1) - 6(6 -l) = a s - a- 6* + 6 

= a *-b t -a + b 

= (o + 6)(a-6)-(o-6) 

= (a-6)(a + 6-l). 

EXERCISES XV. 

Factor the following : 

6. *«-625. 8. m w -l. 

7. a u -l. 9. a?-26<*-27. 

10. (a? + 4ri + ?)'-(<* + ?)'. 

11. 12<*-18rf-6^ + 9rf. 

12. 81 to*- 256 n» 13. a u -aP. 

14. a^-iesry + o^^. 15. (16m t + n t )*-tem t n*. 

16. 2a 7 *-8aV + 2oV-8oa! 7 . 

17. 9 aV - 16 a'd 1 - 36 6V + 64 6 ! cP. 

18. ^-2^ + 1. 19. 729-n* 

20. aV+ay-b°a*-<x*y*. 21. 48afy-52*V- 140*/. 
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*5 



22. 16a r -72a 8 + 108a 5 -54a 4 . 

23. (m + n) 4 -2(m + w) 8 +(m + n) 8 . 

24. Resolve a 9 + 512 into three factors by the method of 
Sec. 25. 

25. a* — m* + a + m. 

26. (aj 8 + 4aj) 2 -37(aj 2 + 4a?)+160. 

27. n M -1024 28 m* + m + a? + x. 

29. aV~46 2 c 2 -9a 2 d 2 + 366 2 d 2 . 

30. (m-n)(a?~y 2 ) + (aj + y)(m 2 -w 2 ). 

31. (aj-l) 8 4-6(oj-l) 2 + 9(aj-l). 

32. a 2 -4& 2 -a-2&. 

33. (m + n)(m 2 -afy-(m + x)(m*-n*). 
84. ( a * + 4 2 / 2 -* 2 ) 2 -16afy 2 . 

35. (oj 2 -9aj) 2 -f-4(aj 2 -9aj)-140. 

36. aV + 27ay--86V--216ajy- 

37. (2a 8 -3) 2 -aj 2 . 

38. (m 8 + m) 2 +2(m 2 + m)(m + l) + (m + l) 2 . 

39. 64a 8 a 8 + 8a 8 --83 8 -l. 

40. (4a 2 -6 2 -9) 2 -366 2 . 

41. (a? + 2y) 8 -a;(aj 2 -4^ 2 ). 

42. (l + a*) + (l+x)*. 

43. (a* + 6a + 8) 2 -14(a 2 + 6a + 8)-15. 

44. a 4 -9 + 2a(a ! + 3). 

45. (a' + y 8 ) — xy(x + y). 

46. (a 8 -8m 8 )-a(a-2m) 2 . 

47. 9a 2 (3a + 4) 2 + 6a(3a + 4) + l. 

48. m 8 -m 5 + 32m 8 -32. 

49. a(a — c) — b(b — c). 

50. m*(m+p) + ri i (n-p). 51. a 8 + 8 as* + a 8 + 8. 

52. (27m 8 -a^ + (3m4-a?)(9m 2 --12ma; + ar J ). 

53. (4a 2 + 9) 8 ~24a(4a 2 + 9)+144a 2 . 
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54. m 9 + m 6 -64m 8 -64. 

55. (v? + tf)*-i?tf(o? + tf). 

56. a> + a A b + a*V + a*b* + ab A + b*. 

57. (8n s -27) + (2n-3)(4n» + 4n-6). 

FACTORING BY SUBSTITUTION. 

28. The Factor Theorem. 

If any rational integral polynomial, involving x 9 becomes 
zero when x is put equal to a, the polynomial has x — a as a 
factor. 
Let the polynomial be 

Aa? + Ba?- 1 + ... + Mx + N. 
Then, by hypothesis, 

Aa n + BaT- 1 ^ — +Ma + N= 0. 

Since Aa n + J3a* _1 H h Ma + N is equal to zero, if 

we subtract it from the given polynomial, the latter will 
not be changed; then, the given polynomial is equal to 

A (a* - a*) + BiaT- 1 - a*" 1 ) + ... + M (x - a). (1) 

Each expression in parentheses is divisible by x — a (Ess. 
Alg., § 87) ; and hence expression (1) has x — a as a faotor. 

29. 1. Factor a?-7 a? + 10 a? + 6. 

By Sec. 28, if the expression becomes when x is put 
equal to a, then x — a is a factor. 

The positive and negative integral factors of 6 are 1, 2, 
3, 6, - 1, - 2, - 3, and - 6. 

It is best to try the numbers in their order of absolute 
magnitude. 

If a?= 1, the expression becomes 1—7+10+6. 
If &= — 1, the expression becomes —1— 7—10+6. 
If aj= 2, the expression becomes 8—28—20+6. 
If aj=— 2, the expression becomes —8 —28—20+6. 
If 05= 3, the expression becomes 27—63+30+6, or 0. 
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This shows that x — 3 is a factor. 

Dividing the expression by a?— 3, the quotient is a£— 4 a?— 2. 
Then, a? - 7a? + 10a? + 6 = (a- 3)(a? - 4a? - 2). 

2. Prove that a is a factor of 

(a + b + c)(a6 + be + ca) - (a + 6)(6 + c)(c + a). 
Fatting a = 0, the expression becomes 

(b + c)bc- 6(6 + c)c, or 0. 
Then, by See. 28, a is a factor of the expression. 

3. Prove that m + n is a factor of 

m 4 — 4 m 8 n + 2mV + 5 mn 8 — 2n\ 
Putting m =s — n, we have 

n 4 + 4n 4 + 2n 4 -5n 4 -2n 4 , or 0. 
Then, m + n is a factor. 

EXERCISES XVI. 

Factor the following : 

4. rf + 4rf + 7»-12. 7. a? 

5. aJ*-a^+6 a?+14 a>+6. 8. 7? 

6. a^-a^-lls-lO. 9. a? 

10. *» + 8aF + 13asF-13»-4. 

11. 3a**-8a* + 8a> > -14ai + 12. 

Find, without actual division, 

12. Whether a>-3 is a factor of a^-Ga^ + lSa?-^. 

13. Whether x + 2 is a factor of a? + 7a?-6. 

14. Whether a? is a factor of x(y+z)*+y(z+xf+z(x+y)\ 

15. Whether a is a factor of a 8 (6-c) 8 +6 8 (c~a) 8 +c 8 (a-6) 8 . 

16. Whether a?— y is a factor of (a?— y) 8 +(y— 3) 8 +(z— a;) 8 . 

17. Whether m+n is a factor of m(m+2») 8 -w(2m+n) 8 , 

18. Whether a + 6 -f c is a factor of 

a(& + c) + &(c + a) + c(a + 5)+a J + ^fc 2 , 



-9a? + 15 ar + 9. 
-18a? + 8. 
-5aj > -8a? + 48. 
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FACTORING OF SYMMETRICAL EXPRESSIONS. 
SO. Symmetry. 

An expression containing two or more letters is said to be 
symmetrical with respect to any two of them when they can 
be interchanged without altering the value of the expression. 

Thus, a + b + e is symmetrical with respect to a and b ; for, on 
interchanging these letters, the expression becomes b + a + c, which 
is equal to a + b + c. 

An expression containing three or more letters is said to 
be symmetrical with respect to them when it is symmetrical 
with respect to any two of them. 

Thus, ab + bc + ca is symmetrical with respect to the letters a, 
by and c ; for if a and b be interchanged, the expression becomes 
ba + ac + c6, which is equal to ab + be + ca. 

And in like manner, ab + bc + ca is symmetrical with respect to 
b and c, and with respect to c and a. 

31. Cyclo-Symmetry. 

An expression containing n letters, a, b, c, m, n, is said 
to be cyclo-symmetrical with respect to them when, if a is 
substituted for b, b for c, m for w, and n for a, the value 
of the expression is not changed. 

Thus, the expression (a — b)(b — c)(c — a) is cyclo-symmetrical 
with respect to a, 6, and c; for if a is substituted for 6, 6 for c, 
and c for a, the expression becomes (c — a) (a — 6) (6 — c), whioh 
is equal to (a — 6) (b — c)(c — a). 

32. Factoring of Symmetrical Expressions. 

The method of Sec. 28 is advantageous in the factoring of 
symmetrical expressions. 

1. Factor 

aCft+c^+ftCc+a^+cCa+^-a^+c)-^-!-^--^-!-^. 

The expression is symmetrical with respect to «, b 9 and c. 
Being of the third degree, the only literal factors which 
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it can have are three of the type a; three of the type a+6; 
or a+&+c, and a factor of the second degree. 
Putting a as 0, the expression becomes 
5c* + c&s _ &« c - c 2 ^ or 0. 

Then, by Sec. 28, a is a factor ; and, by symmetry, 6 and 
c are factors. 

The expression, being of the third degree, can have no 
other literal factor ; but it may have a numerical factor. 

Let the given expression = mabc. 

To determine m, let a = b = c = 1. 

Then, 4 + 4 + 4 -2 - 2 -2 = m, or m = 6. 

Whence, the given expression = 6o5c. 

2. Factor x*(y + z) + y*(z + x) + tf(x + y) + 3xyz. 

The expression is symmetrical with respect to x, y, and z. 

The only literal factors which it can have are three of the 
type X) three of the type a?-fy; o?x + y + z 9 and a factor 
of the second degree. 

It is evident that neither x, y, nor 2 is a factor. 

Putting x equal to — y, the expression becomes 

+ «) + » p («-y)-3»% 

which is not 0. 

Then, x + y is not a factor; and, by symmetry, neither 
y + z nor z + g is a factor. 

Putting x equal to — y — s, the expression becomes 

(y + *) 2 G/ + *)-3/ 8 -* 8 -3ys(y + z) 

= ^ + 33^ + 3^ + 2 8 -^-2 8 -3y%--33^ 2 ==0. 

Then, a? + y + 2 is a factor. 

The other factor must be of the second degree; and, as it 
is symmetrical with respect to x f y, and z, it must be of the 
form 

m(x* + y* + z*), or n(xy + yz + zx). 

It is evident that the first of these cannot be a factor ; 
for, if it were, there would be terms involving a^, y 8 , and z 8 
in the given expression. 
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Then, the given expression = n (x + y + z) (xy + yz + zx). 
To determine n, let x = 1, y = 1, and z =0.* .^iww. 
Then, 1 + 1 = 2n, and n = 1. 

Then, the given expression = (x + y + z) (xy + yz + zx). 
3. Factor aJb (a — b) + bc(b — c) + ca(c — a). 
The expression is cyclo-symmetrical with respect to a, 5, 
and c. 

It is evident that neither a, 6, nor c is a factor. 

The expression becomes when a is put equal to b. 

Then, a — & is a factor; and, by symmetry, 6 — c and 
c — a are factors. 

The expression can have no other literal factor, but may 
have a numerical one. 

Let the given expression = m(a — b) (b — c) (c — a). 

To determine m, let a = 2, 6 = 1, and c = 0. 

Then, 2 = -2m, and m = — 1. 

Then, the given expression = — (a — b) (6 — c) (c — a). 

EXERCISES XVII. 

Factor the following : 

4. a 8 + a 2 6 + a& 2 + & 8 . 

5. m* + 2 ir&n + 2 mn 2 + n*. 

6. (a6+6c+ca)(a+6+c)-a 2 (6+c)-y(c+o)-c 2 (o+6). 

7. a^(y + 2;)+^(2 + aj)+» 2 (« + y) + 2a^. 

8. a(6 + c) 2 + 6(c + a) 2 + c(a + 6) 2 -4a6c. 

9. a^-cK^c-^+c^a-fc). 

10. (a? + y + »)(a^ + ^ + »a?)-(aJ4-^)(y + + 

11. a&(a + &) + 6c(& + c) + ca(c + a)+2a6c. 

12. (x + y + z)*-(a? + y> + z*). 

13. (aj + y + 3)(ajy + ys + 3ic) — ajj/s. 

14. (x-y)* + (y-z)*+(z-xy. 

15. a?* + afy + 2ay + a# 8 + y 4 . 
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